We have developed a theory of the critical current I c of a long Josephson junction in the presence of a finite density of Abrikosov vortices trapped in the electrodes in the immediate vicinity of the plane of the junction. We show that under these conditions the Josephson phase difference can be finite even well inside the junction in such a way as to result in a nonmonotonous dependence of I c on the concentration of the perturbing vortices, a behavior at variance with that of a short junction. As the average distance between the vortices decreases, I c reaches a maximum. The location, magnitude, and sharpness of this feature are strongly dependent on the ratio J /r 0 , where r 0 and are respectively the range and the strength of the effective interaction between the Abrikosov vortices and the Josephson fluxons while J is the Josephson penetration length. The results obtained are used to discuss the behavior of the critical current recently observed in Josephson junctions based on Nb films. ͓S0163-1829͑98͒10437-X͔
I. INTRODUCTION
Experiments on the effects of phase perturbations on the transport properties of Josephson junctions [1] [2] [3] [4] [5] have recently spurred considerable theoretical interest on this phenomenon. [6] [7] [8] [9] [10] Work has been mostly carried out on short Josephson junctions where the physical problem is well understood. [1] [2] [3] [4] 6, 7 In view of the possibility of nontrivial spatial variations of the Josephson phase, long junctions have also been the subject of vigorous study. Both experiments 5 and theory 6, 8, 10 have been pursued. Furthermore the physical situation has led to the introduction of the inhomogeneous junction picture for the case of strong phase disorder. 11 An important finding in this area is that the introduction of Abrikosov vortices ͑AV͒ in the electrodes of a long junction can lead to an unexpected increase of the critical current. 5 More precisely the dependence of the critical current of Nb based junctions was found to display a maximum as a function of the concentration of the perturbing AV's. This situation is at variance with that of short junctions in which a monotonic decrease of the critical current with the concentration of AV's is always observed. [1] [2] [3] [4] In a recent paper a theory of the critical current for a long junction in the presence of an isolated, pinned AV in one of the electrodes was discussed. 10 The results of the theory show that the presence of a perturbing AV can in fact induce ͑otherwise absent͒ finite Josephson phase differences in the interior of the junction which in turn lead to a corresponding increase of the critical current. This phenomenon is clearly specific to long junctions. It was furthermore shown that such an increase of the critical current is strongly dependent on the specific boundary conditions satisfied by the transport current and on the position of the vortex relatively to the edges of the junction.
In this paper we present a generalization of the theory of Ref. 10 to the case of a finite concentration of perturbing AV's. The vortices are in this case assumed to be randomly distributed and trapped in their positions. Our theory is based on a macroscopic approach and, in its present form, applies to the case of junctions that can be considered quasi-onedimensional. This point will be clarified in detail presently. The technique employed is similar to the statistical approach developed by Frisch and Lloyd for the problem of localization in one dimensional electronic systems. 12, 13 Consistently with the results of the one vortex analysis of Ref. 10 we show that in the presence of a finite concentration of trapped Abrikosov vortices the critical current of the junction can actually be larger than that of a vortex free junction.
The present paper is organized as follows: In Sec. II the model and the theory of the coupling between the junction and the perturbing vortices are introduced. There three common geometrical configurations for the AV's with respect to the junction plane are also discussed. In Sec. III we present the theory for the case in which the AV's are well separated ͑as compared to the range of their interaction with the junction͒. In Sec. IV we tackle the opposite case of a high concentration of AV's, a regime which requires a rather different approach. Finally Sec. V provides a discussion of our results and the conclusions.
II. THE MODEL
We envisage a Josephson junction whose length L along the x axis is assumed to exceed the Josephson penetration depth J . The latter sets the length scale for field penetration along the x direction in the plane of the junction in the absence of perturbing AV's. In order to simplify the mathematical framework we also assume that w, the width of the junction along the y direction, is however much smaller than J . In this case the junction can be considered quasi-onedimensional and it is possible to assume that , the Josephson phase across the barrier, only depends on the coordinate x. We further assume that N AV's are trapped in the immediate proximity of the junction in such a way as to lead to a ͑quenched͒ finited disturbance to the Josephson phase. The geometrical arrangement and three physically similar vortex configurations are illustrated in Figs. 1, 2 and 3 .
In order to extract the main physical properties of the vortex perturbed Josephson junction we will assume that 
where the x i 's are the x components of the positions of the AV's. 14 The term appearing in the right-hand side of this equation is the simplest generalization of that used in Eq. ͑3͒ of Ref. 10 for the case of a single isolated AV and describes in a similar way the effective interaction between the AV's and the Josephson junction. The model interaction used here is quite general and has been written in terms of a coupling strength and a function f (x). On general grounds f (x) satisfies the relationship 8, 9, 15 
Depending on the specific situation ͑see for instance Figs. 1, 2 and 3͒ f (x) will have different forms. On general grounds however one expects that f (x) will only acquire finite values in a narrow region of linear extension r 0 near the actual location of the vortex. In view of the above it is clear that the function f (x) approximately possesses the properties of a derivative of the ␦ function. A further approximation of our model is that the strength of the coupling constant is assumed to be a constant. It is clear that in the most general situation both the strength of the coupling as well as the specific form of the interaction function could differ from vortex to vortex. We expect however that our picture allows us to capture the relevant behavior of the critical current for the cases in which the average value of the vortex-junction coupling is finite. Within the present model the effective interaction appearing in Eq. ͑1͒ can accordingly be simply characterized by two parameters: The coupling strength and the effective range r 0 .
The actual values of the parameters and r 0 will depend on the particular situation. For instance the particular configurations depicted in Figs. 1, 2 and 3 will in general lead to different values of and r 0 .
Consider for instance the case of vortices whose core is parallel to the plane of the junction ͑Fig. 1͒. In this case one has r 0 ϳ L and the strength of the coupling does depend on the distance z between the vortex and the plane of the junction, i.e., ϳexp(Ϫz/ L ).
Other possible geometrical configurations are depicted in Figs. 2 and 3. In these situations since the axis of the vortex lies along the z direction, it is crucial that the junction be such that wӶ J . Only in this case it is possible to write the interaction between the vortex and the junction as done in Eq. ͑1͒. Figure 2 represents the case of misaligned vortices. Here the range of the interaction turns out to be much larger that of the vortex of Fig. 1 . We have in fact that for the simplest model for a misaligned vortex r 0 ϳw, while in general the coupling strength is determined by the ratio b/w and the particular misalignment orientation. 1, 3, 9 In the configuration of Fig. 3 the vortex only exists in one of the electrodes. In this case we have again r 0 ϳw while is in most cases of order one. 
III. CRITICAL CURRENT FOR A DILUTED ABRIKOSOV VORTEX DISTRIBUTION: A FOKKER-PLANCK APPROACH
In this section we will focus our attention to the case in which both the penetration depth J and the average distance between the vortices l are much larger than the interaction range r 0 . The opposite limit of lӶr 0 will be treated separately in Sec. IV. For J ,lӷr 0 , Eq. ͑1͒ can be rewritten in terms of the first order equation corresponding to the vortex free case of ϭ0, i.e.,
subject to the boundary conditions
Here the constants C i are determined by the component of the external magnetic field parallel to the plane of the junction. In this paper we limit our analysis to the case in which this component of the external magnetic field is zero. In this case we simply set C equal to one. 16 This condition corresponds to the case of a bulk ͑as opposed to surface͒ transport current as discussed in detail in Ref. 10 .
Equation ͑2͒ can therefore be rewritten as
where the function ␥() is also defined. At this point an assumption regarding the statistical distribution of the vortex positions must be made. Accordingly we will assume that the N AV's, and therefore the variables x i , are randomly distributed. Furthermore we will also postulate that the probability density g(d i ) for the value of the distance d i ϭx iϩ1 Ϫx i between neighboring vortices obeys the Poisson distribution law, i.e.,
where we have introduced the average distance l between the AV's. We introduce next the probability density P(,x) that the Josephson phase (x) at the point x lies in the interval (,ϩd). Once this function is determined the critical current of the junction ͑as well as other physical quantities of interest͒ can be readily determined. We have for instance for the average total Josephson current:
where j 0 is the critical current density in the absence of trapped AV's. The critical current of the junction is then obtained by seeking the maximum value of Ī. In order to determine P(,x) we derive next the corresponding Fokker-Planck equation. We begin by writing down the relation
P͑,xϩdx͒dϭe
Ϫdx/l P͑Ϫ␥ dx,x͒d͑Ϫ␥dx͒
where we have made use of Eq. ͑5͒. Then by means of Eq. ͑2͒ we arrive at
͑8͒
The solution of this equation determines the sought probability density for the Josephson phase. We obtain here the solution of the Fokker-Planck equation ͑8͒ in the limit of small coupling strengths between a perturbing AV and the junction. For Ӷ1 we can expand the right-hand side of Eq. ͑8͒ to obtain
͑9͒
This equation will be presently solved in a number of physically interesting situations. Clearly the solutions of Eq. ͑9͒ will depend on the value of the parameter J /l. For concentrations of Abrikosov vortices such that r 0 Ӷ J рl we can neglect the quadratic term in appearing on the right-hand side of Eq. ͑9͒. In this case we expect that in the interior of the junction the fluctuations of the Josephson phase are small and it will therefore suffice to focus our attention on the average value:
The derivative of this quantity is readily seen to satisfy the equation
͑11͒
A direct inspection of Eq. ͑11͒ reveals that for the case J Ӷl, the Josephson phase decays away from the edges of the junction with a decay length given by
and then tends to the constant value l Ϫ1 J well inside the junction.
By making use of Eq. ͑6͒ we obtain the critical current
where the first term corresponds to the critical current carried near the edges of the junction, while the second one ͑here a positive contribution͒ comes from the phase distortions due to the AV's.
As the vortex concentration increases ( J рl) the main contribution to the current comes from the regions where the average Josephson phase is stationary, i.e., for
Accordingly, the critical current is in this regime given by
As the vortex concentration increases further (lр J ) the average value of the Josephson phase will in turn change monotonously so that the critical current density j c (x) ͑which is proportional to sin ) will begin to oscillate in the interior of the junction. As a consequence the total critical current will decrease. In this regime the fluctuations of the Josephson phase will have to be taken into consideration.
For the high concentration regime in which r 0 ӶlӶ J we can rewrite the Fokker-Plank equation ͑9͒ in the ͑ap-proximate͒ form:
The boundary condition for this equation is given by
where 0 , the value acquired by the phase at the edge x ϭ0, is to be determined. Equation ͑15͒ with the boundary condition ͑16͒ is a diffusion equation with a constant flow and admits the solution 13 P͑,x ͒ϭͱ l
͑17͒
Substituting Eq. ͑17͒ in Eq. ͑6͒ and finding the maximum of the resulting expression with respect to 0 we obtain for the critical current the expression
Calculating the integrals over u and x we therefore arrive at the following expression for the critical current in the high concentration regime:
, r 0 ӶlӶ J .
͑19͒
Equations ͑12͒, ͑14͒, and ͑19͒ describe the dependence of the critical current on the concentration of the AV's in the case in which the regions of influence of the various vortices do not overlap.
IV. CRITICAL CURRENT FOR A HIGHLY CONCENTRATED ABRIKOSOV VORTEX DISTRIBUTION: A MEAN FIELD APPROACH
We discuss next the opposite case in which the vortex concentration is relatively large in the sense that lӶr 0 . Here the sum over the vortex positions x i appearing in Eq. ͑1͒ can be changed into an integral over x. Accordingly Eq. ͑1͒ can be rewritten in the form
where we have used of the known properties of the function f (x). It should be stressed here that the physical validity of Eq. ͑20͒ rests on the assumption that the strong spatial overlap of the vortex perturbations leads to an average phase distribution with correspondingly small fluctuations. 17 At this point we notice that determining the dependence (x) from Eq. ͑20͒ is formally equivalent to solving for the same Josephson phase dependence in a junction in the presence of an external magnetic field of magnitude
and oriented along the y direction. Accordingly, by making using of well known results, 16 we obtain the dependence of the critical current on the vortex concentration for various interesting cases. If the range of the interaction between the vortices and the Josephson junction satisfies the condition J ӶlӶr 0 , we obtain
͑21͒
It should be clear that in order for this regime to be realized the value of the coupling strength must be very small. In the opposite case in which l is much smaller than both r 0 and J , we find instead the following oscillatory behavior:
ͯ .
͑22͒

V. DISCUSSION
We have shown that the critical current I c of a long Josephson junction can be greatly influenced by the presence of a finite concentration of perturbing Abrikosov vortices. We have found that within the present model, the dependence of Consistently with what is actually experimentally found ͑see also below͒ our theory predicts that when the range of the interaction is small (r 0 Ӷ J ) the critical current initially increases with the concentration of the AV's. As the concentration increases further I c reaches a maximum. This corresponds to a situation in which the average distance between the AV's is of the order of J /ͱ2. For yet larger vortex concentrations I c then decreases and displays an oscillatory behavior. The critical current maximum is in this case rather sharp and is characterized by an aspect ratio given approximately by
A schematic of this situation is provided in Fig. 4 . Formally the corresponding expressions for the critical current valid in the different regimes are given in Eqs. ͑12͒, ͑14͒, and ͑19͒.
In the opposite limit of relatively long interaction range, i.e., for r 0 ӷ J , the situation is rather similar. Also in this case I c reaches a maximum as the concentration of the AV's increases. In this case however the maximum occurs for values of the vortex separation of the order of r 0 . Again for larger vortex concentrations the critical current decreases. The main difference with the short interaction range regimes is represented by the fact that the maximum of the critical current is not as sharp. For in this case we have
These results are described by Eqs. ͑12͒, ͑21͒, and ͑22͒. This behavior is schematically illustrated in Fig. 5 . It should be noticed here that in the limit of small vortex concentration the behavior of the critical current is the same for both Figs. 4 and 5 ͑i.e., the slope of I c is the same in both cases͒.
It is important to realize that the behavior of the critical current described here for long junctions greatly differs from that observed in short Josephson junctions in which I c is always found to decrease monotonically with the concentration of AV's. 4, 7 The nonmonotonic behavior for I c found in this work for long Josephson junctions has a simple physical explanation. In these systems each perturbing AV leads to a local jump of the Josephson phase given by ͓see Eq. ͑3͔͒. Due to the shielding associated with the Josephson current, this phase then decreases exponentially with the distance. More precisely, over the average separation l between the AV's, the phase changes by an amount approximately given by ϳ(2l/ J )sin(/2). This ensures that even well inside the junction the Josephson phase acquires a finite average value. A special situation is realized in the small interaction range regime when the value of the average separation l equals J /ͱ2. In this case the value of the average Josephson phase approaches /2 and the critical current acquires the maximum value described above. For large AV concentrations on the other hand the average Josephson phase changes monotonously with the distance and the critical current correspondingly decreases.
A comment is in order here about the consequences of the fact that our procedure involves evaluating the average value of the critical current. Some discussion of the physical significance of this quantity can be found in Ref. 18 . It is clear that in the small AV concentration region (lӶ1/r 0 ) of both Figs. 4 and 5 the actual behavior of the critical current for any particular sample should be expected to display mesoscopic fluctuations. Clearly this level of detail is not accessible by our statistical approach. The corresponding situation for the case of small Josephson junction has been studied in Refs. 4 and 7.
Our results appear to describe quite accurately the physical situation studied in Ref. 5 . There the authors measured the dependence of the critical current of quasi-onedimensional long Nb based Josephson junctions as a function of the concentration of specially introduced misaligned Abrikosov vortices oriented perpendicularly to the plane of the junctions. The experiments clearly show that, consistently with the results of the present calculation, the critical current does indeed increase with the concentration of the perturbing AV's. Moreover the corresponding maximum in the dependence of the critical current was found to be not very pronounced, a fact that in view of our theory could be attributed to a large value for the range of the effective vortex-junction coupling. That this conclusion is consistent with the experimental situation can be seen as follows. In the experiments the values of the relevant parameters were the following: L Ӎ500 m, wӍ20 m, and J Ӎ20 m. Furthermore the misalignment length was by construction much smaller than w, leading to a small value for the coupling strength . Now, since here wϷ J , the range of the vortex-junction coupling must satisfy the condition r 0 Ӎwӷ J .
We conclude by briefly commenting that the mechanism for the observed maximum in the critical current discussed in 
